Published by Institute of Physics Publishing for SISSA/ISAS Received: November 9, 2004 Accepted: January 3, 2005

Ghost field realizations of the spinor W_{2,s} strings based on the linear W_{1,2,s} algebras^∗

Yuxiao Liu, Lijie Zhang and Jirong Ren

Institute of Theoretical Physics, Lanzhou University Lanzhou 730000, P.R. China E-mail: zhanglj02@st.lzu.edu.cn

Abstract: It has been shown that certain W algebras can be linearized by the inclusion of a spin-1 current. This provides a way of obtaining new realizations of the W algebras. In this paper, we investigate the new ghost field realizations of the W_{2,s}(s = 3, 4) algebras, making use of the fact that these two algebras can be linearized. We then construct the nilpotent BRST charges of the spinor non-critical W_{2,s} strings with these new realizations.

Keywords: BRST Quantization, Conformal and W Symmetry, BRST Symmetry.

∗Supported by the National Natural Science Foundation of China, grant No. 10275030.

© SISSA/ISAS 2005 http://jhep.sissa.it/archive/papers/jhep012005005 /jhep012005005 .pdf

Contents

1. Introduction 1

2. The linear W_{1,2,s} algebras and the new ghost realizations of the W_{2,s} algebras 2

3. Ghost field realizations of the spinor non-critical W_{2,s} strings 5 3.1 Ghost field realizations of the spinor non-critical W_{2,3} strings 6 3.2 Ghost field realizations of the spinor non-critical W_{2,4} strings 7

4. Conclusion 10

1. Introduction

W algebra has received considerable attention and application since its discovery in the middle of the 1980’s [1]. Much work has been carried out on the classification of it and the study of the W gravity and W string theories. Furthermore, it also appears in the quantum Hall effect, black holes, in lattice models of statistical mechanics at criticality, and in other physical models [2] and so on.

In all applications of W algebra, the investigation of the W string is more interesting and important. The BRST method [3] has turned out to be the simplest way to study the critical and non-critical W string theories. The BRST charge of W_3 string was first constructed in [4], and the detailed studies of it can be found in [4]–[6]. The scalar field realizations of W_{2,s} strings, which is a natural generalization of the W_3 string, have been obtained for s = 4, 5, 6, 7 [6]–[8]. In ref. [9] we discovered the reason that the scalar BRST charge is difficult to be generalized to a general W_N string. At the same time, we found the methods to construct the spinor field realizations of W_{2,s} strings and W_N strings [9,10]. Subsequently, we studied the exact spinor field realizations of W_{2,s}(s = 3, 4, 5, 6) strings and W_N (N = 4, 5, 6) strings [9]–[11]. Recently, the authors have constructed the nilpotent BRST charges of spinor non-critical W_{2,s}(s = 3, 4) strings by taking into account the property of spinor field [12]. These results will be of importance for constructing super W strings, and they will provide the essential ingredients.

However, all of these theories about the W_{2,s} strings mentioned above are based on the non-linear W_{2,s} algebras. Because of the intrinsic nonlinearity of the W_{2,s} algebras, their study is a more difficult task compared to linear algebras. Fortunately, it has been shown that certain W algebras can be linearized by the inclusion of a spin-1 current. Once the linear algebra is constructed, one could algorithmically reproduce the structure of the corresponding nonlinear algebra. This provides a way of obtaining new realizations of the

– 1 –

W_{2,s} algebras. Such new realizations were constructed for the purpose of building the corresponding scalar W_{2,s} strings [13].

Since up to now there is no work focused on the research of ghost field realizations of the spinor W_{2,s} strings based on the linear W_{1,2,s} algebras, we will construct the new nilpotent BRST charges of spinor non-critical W_{2,s} strings for the first time by using the linear bases of the W_{1,2,s} algebras in this paper. To construct a non-critical BRST charge one must first solve the forms of matter currents T and W determined by the OP Es of T T , T W and W W . T and W here are constructed by the linear bases T_0, J_0, W_0 of the W_{1,2,s} algebras, and these linear bases are constructed with the ghost fields. Then direct substitution of these results into BRST charge leads to the grading spinor field realizations. Such constructions are discussed for s = 3, 4 in detail. For the case of critical realizations, the corresponding results can be obtained naturally when the terms of matter currents vanish. All these results will be of importance for embedding of the Virasoro string into the W_{2,s} strings.

The present paper is organized as follows. In section 2, we construct the linear bases of the W_{1,2,s} algebras and give the ghost field realizations of the W_{2,s} algebras. Then in section 3, we build new BRST charges of the spinor non-critical W_{2,3} and W_{2,4} strings by using the grading BRST method. And finally, the paper ends with a brief conclusion.

2. The linear W_{1,2,s} algebras and the new ghost realizations of the W_{2,s} algebras

The W_{2,s} algebras can be linearized by the inclusion of a spin-1 current [14]. The OP Es of the spin-1 current with the spin-2 current T and spin-s current W of the W_{2,s} algebras are uniquely determined by requiring that the Jacobi identities be satisfied. The bases T and W then can be constructed by the linear bases of the W_{1,2,s} algebras:

T = T_0 W = W_0 + W_R(J_0, T_0) (2.1)

where the currents T_0, W_0 and J_0 generate the W_{1,2,s} algebras. And the linearized W_{1,2,3} and W_{1,2,4} algebras take the form:

T_0(z)T_0(ω) ∼ C/2 (z − w)^4 + 2T_0(ω) (z − ω)^2 + ∂T_0(ω) (z − ω) , T_0(z)W_0(ω) ∼ sW_0(ω) (z − ω)^2 + ∂W_0(ω) (z − ω) , T_0(z)J_0(ω) ∼

C_1 (z − w)^3 + J_0(ω) (z − ω)^2 + ∂J_0(ω) (z − ω) , J_0(z)J_0(ω) ∼ −1 (z − ω)^2 , J_0(z)W_0(ω) ∼ hW_0(ω) (z − ω) , W_0(z)W_0(ω) ∼ 0 , (2.2)

– 2 – where s = 3 and 4 respectively. The coefficients C, C_1 and h are given by

C = 50 + 24t^2 + 24 t^2

, C_1 = − √ 6 ( t + 1 t ) , h = √ 3 2 t , (s = 3)

C = 86 + 30t^2 + 60 t^2

, C_1 = −3t − 4 t , h = t , (s = 4) . (2.3)

One can realize the algebras given in eq. (2.2) by the two-spinor realizations in which the current W_0 is zero. However, it was shown that W_0 does not have to be zero [14], we can alternatively realize it in terms of the ghost field in this paper. To obtain the new realizations for the linearized W_{1,2,s} algebras, we use the bosonic ghost fields (R, S) with spins (s, 1 − s) and (b_1, c_1) with spins (k, 1 − k) to construct the linear bases of them. Then the realizations for the W_{1,2,3} and W_{1,2,4} algebras are given by

T_0 = T_{eff} + T_g , J_0 = ρRS + λb_1c_1 , W_0 = R , (2.4)

where

T_g = sR∂S + (s − 1)∂RS + kb_1∂c_1 + (k − 1)∂b_1c_1 (2.5)

and T_{eff} is an arbitrary effective energy-momentum tensor with central C_{eff} . By making use of the OP Es J_0(z)J_0(ω) and J_0(z)W_0(ω) in (2.2), we can solve the coefficients ρ and λ. From the OP E relation of T_0 and J_0 and eq. (2.3), we determine the value of k. Substituting this value into eq. (2.5), we can determine the central charge C_g of T_g with its OP E. Since the central charge C for T_0 is C = C_g + C_{eff} , the value of C_{eff} can be obtained. All the coefficients are listed as follows:

(i) s = 3

ρ = √ 3 2 t , λ = ± √ 1 − 3 2 t^2 , k = 1 2 ∓ √ 6 − 9t^2 2t , C_g = 46 + 18 t^2

, C_{eff} = 4 + 6 t^2

+ 24t^2 . (2.6)

(ii) s = 4

ρ = −t , λ = ± √ 1 − t^2 , k = 1 2 ∓ 2 √ 1 − t^2 t , C_g = 97 + 48 t^2

, C_{eff} = −11 + 12 t^2

+ 30t^2 . (2.7)

– 3 –

Now let us turn our attention to the study of the ghost field realizations of the W_{2,s} algebras with linear bases of the W_{1,2,s} algebras. We begin by reviewing the structures of the W_{2,s} algebras in conformal language. The OP E W (z)W (ω) for W_{2,3} algebra is given by [1] W (z)W (ω) ∼ C/3 (z − w)^6 + 2T (z − ω)^4 + ∂T (z − ω)^3 + + 1 (z − ω)^2

(2ΘΛ + 3 10 ∂^2T ) + 1 (z − ω) ( Θ∂Λ + 1 15 ∂^3T ) , (2.8)

where Θ = 16 22 + 5C

, Λ = T^2 − 3 10 ∂^2T . (2.9)

For the case W_{2,4}, the OP E W (z)W (ω) take the form [15]: W (z)W (ω) ∼ { 2T (z − w)^6 + ∂T (z − ω)^5 + 3 10 ∂^2T (z − ω)^4 + + 1 15 ∂^3T (z − ω)^3 + 1 84 ∂^4T (z − ω)^2 + 1 560 ∂^5T (z − ω) } + +σ_1 { U (z − ω)^4 + 1 2 ∂U (z − ω)^3 + 5 36 ∂^2U (z − ω)^2 + 1 36 ∂^3U (z − ω) } + +σ_2 { W (z − ω)^4 + 1 2 ∂W (z − ω)^3 + 5 36 ∂^2W (z − ω)^2 + 1 36 ∂^3W (z − ω) } + +σ_3 { G (z − ω)^2 + 1 2 ∂G (z − ω) } + σ_4 { A (z − ω)^2 + 1 2 ∂A (z − ω) } + +σ_5 { B (z − ω)^2 + 1 2 ∂B (z − ω) } + C/4 (z − ω)^8

, (2.10)

where the composites U (spin 4), and G, A and B (all spin 6 ), are defined by U = (T T ) − 3 10 ∂^2T , G = (∂^2T T ) − ∂(∂T T ) + 2 9 ∂^2(T T ) − 1 42 ∂^4T , A = (T U) − 1 6 ∂^2U , B = (T W ) − 1 6 ∂^2W , (2.11)

with normal ordering of products of currents understood. The coefficients σ_i(i = 1 − 5) are given by

σ_1 = 42 5C + 22

, σ_2 = √ 54(C + 24)(C^2 − 172C + 196) (5C + 22)(7C + 68)(2C − 1) , σ_3 =

3(19C − 524) 10(7C + 68)(2C − 1)

, σ_4 =

24(72C + 13) (5C + 22)(7C + 68)(2C − 1) , σ_5 = 28 3(C + 24) σ_2 . (2.12)

The forms of T and W can be constructed with the linear bases T_0, J_0 and W_0. First we can write down the most general possible structure of W , then the relations of above

– 4 –

OP Es determine the coefficients of the terms in W , the explicit results turn out to be very simple as follows:

(i) s=3

T = T_0 , W = W_0 + ζ_1∂^2J_0 + ζ_2∂J_0J_0 + ζ_3J^3_0 + ζ_4∂T_0 + ζ_5T_0J_0 , (2.13)

where

ζ_1 = 6ζ_0(2 + 3t^2 + 2t^4) , ζ_2 = 12 √ 6ζ_0t(1 + t^2) , ζ_3 = 8ζ_0t^2 , ζ_4 = 3 √ 6ζ_0t(1 + t^2) , ζ_5 = 12ζ_0t^2 , ζ_0 = 1 6t √ −15 − 34t^2 − 15t^4 .

(ii) s=4

T = T_0 , W = W_0 + η_1∂^3J_0 + η_2∂^2J_0J_0 + η_3(∂J_0)^2 + η_4∂J_0(J_0)^2 + η_5(J_0)^4 + +η_6∂^2T_0 + η_7(T_0)^2 + η_8∂T_0J_0 + η_9T_0∂J_0 + η_{10}T_0(J_0)^2 , (2.14)

where

η_1 = η_0(1800 + 5562t^2 + 7744t^4 + 6167t^6 + 2631t^8 + 450t^{10}) , η_2 = 12η_0t(450 + 1278t^2 + 1429t^4 + 752t^6 + 150t^8) , η_3 = 6η_0t(1050 + 2932t^2 + 3009t^4 + 1353t^6 + 225t^8) , η_4 = 12η_0t^2(4 + 3t^2)(150 + 226t^2 + 75t^4) , η_5 = 6η_0t^3(150 + 226t^2 + 75t^4) , η_6 = 3η_0t(240 + 724t^2 + 865t^4 + 465t^6 + 90t^8) , η_7 = 6η_0t^3(3 + t^2)(32 + 27t^2) , η_8 = 12η_0t^2(150 + 376t^2 + 301t^4 + 75t^6) , η_9 = 12η_0t^2(300 + 602t^2 + 376t^4 + 75t^6) , η_{10} = 12η_0t^3(150 + 226t^2 + 75t^4) , η_0 = −(36t + 12t^3)^{−1}(504000 + 3037560t^2 + 7617488t^4 + 10300470t^6 + + 8109196t^8 + 3716751t^{10} + 918585t^{12} + 94500t^{14})^{−1/2} .

3. Ghost field realizations of the spinor non-critical W_{2,s} strings In this section, we construct the explicit ghost field realizations of the spinor non-critical W_{2,s} strings for s = 3 and 4. Since the non-critical W_{2,s} strings are the theories of W_{2,s} gravity coupled to a matter system, we introduce the matter currents T_m, W_m for the W^m_{2,s} algebras in the beginning. Then we introduce the (b, c) ghost system with spins (2, −1) for

– 5 – the spin-2 current, and the (β, γ) with spins (s, 1 − s) for the spin-s current. The ghost fields b, c, β, γ are all bosonic and commuting. For the Liouville sector, the spinor field realizations of the W^L_{2,s} algebras were constructed in our work of ref. [12]. We can instead realize the W^L_{2,s} algebras here by two pairs of bosonic ghost fields (b_2, c_2) and (b_3, c_3). The BRST charge takes the form:

Q_B = Q_0 + Q_1 , (3.1)

Q_0 = ∮ dz c(T_L + T_m + KT_{bc} + yT_{βγ} ) , (3.2)

Q_1 = ∮ dz γF (b_2, c_2, β, γ, T_m, W_m) , (3.3) where K, y are pending constants. The matter currents T_m and W_m, which have spin 2 and s respectively, generate the W^m_{2,s} algebras. The energy-momentum tensors in eq. (3.2) are given by

T_L = 2b_2∂c_2 + ∂b_2c_2 + 2b_3∂c_3 + ∂b_3c_3 , (3.4) T_{bc} = 2b∂c + ∂bc , (3.5) T_{βγ} = sβ∂γ + (s − 1)∂βγ , (3.6) The operator F (b_2, c_2, β, γ, T_m, W_m) has spin s and ghost number zero. The nilpotent BRST charge generalizes the one for scalar non-critical W_{2,s} strings, and it is also graded with Q^2_0 = Q^2_1 = {Q_0, Q_1} = 0. It should be emphasized that the first condition is satisfied for any s automatically, we only need the other two conditions to determine y and the coefficients of the terms in F (b_2, c_2, β, γ, T_m, W_m).

We now discuss the exact solutions of ghost field realizations of the spinor non-critical W_{2,3} and W_{2,4} strings respectively, making use of the grading BRST method and the procedure mentioned above.

3.1 Ghost field realizations of the spinor non-critical W_{2,3} strings In this case, the BRST operator Q_B takes the form of (3.1). Considering the most extensive combinations with correct spin and ghost number, we can construct F (b_2, c_2, β, γ, T_m, W_m) in eq. (3.3) as following:

F = f_1β^3γ^3+f_2∂ββγ^2 + f_3∂β∂γ + f_4β∂^2γ + f_5b^3_2c^3_2 + f_6∂b_2b_2c^2 + f_7b^2∂c_2c_2 + f_8∂b_2∂c_2+ +f_9∂^2b_2c_2 + f_{10}b_2∂^2c_2 + f_{11}β^2γ^2b_2c_2 + f_{12}βγb^2c^2 + f_{13}∂βγb_2c_2 + f_{14}β∂γb_2c_2+ +f_{15}βγ∂b_2c_2 + f_{16}βγb_2∂c_2 + f_{17}βγT_m + f_{18}b_2c_2T_m + f_{19}∂T_m + f_{20}W_m . (3.7)

Substituting this expression back into eq. (3.3) and using the nilpotency conditions, we can calculate the results of y and f_i(i = 1, 2, . . . , 10). They correspond to three sets of solutions, i.e.

(i) y = 0 and

f_i = 0 (i = 5 − 12, 17 − 20) , f_{13} = f_{16} , f_{14} = 2f_{16} , f_{15} = f_{16} ,

and f_j(j = 1 − 4, 16) are arbitrary constants but do not vanish at the same time.

– 6 –

(ii) y = 1 and

f_1 = 1 20 (−2f_2 − f_{11}) , f_3 = 1 180 (480f_2 − 60f_4 − 90f_{14} + 100f_{15} + 80f_{16} − − 3C_mf_{18} − 4C_mf_{19}) , f_5 = 1 72900

(27060f_2 − 39360f_4 − 8280f_8 + 15480f_9 + 67500f_{11} − 24480f_{14} + +46700f_{15} + 2260f_{16} − 591C_mf_{18} − 1148C_mf_{19}) , f_6 = 1 6 (2f_8 − 10f_9 + 5f_{14} − 10f_{15}) , f_7 = 1 2700

(5280f_2 − 7680f_4 − 2340f_8 − 1260f_9 + 1260f_{14} + 1100f_{15} − − 3620f_{16} − 33C_mf_{18} − 224C_mf_{19}) , f_{10} = 1 900 (5280f_2 − 7680f_4 − 540f_8 − 1260f_9 − 990f_{14} + 1100f_{15} + 880f_{16} − − 33C_mf_{18} − 224C_mf_{19}) , f_{12} = 1 1080

(−660f_2 + 960f_4 − 2700f_{11} + 720f_{14} − 1060f_{15} − 380f_{16} + + 21C_mf_{18} + 28C_mf_{19}) , f_{13} = 1 540 (660f_2 − 960f_4 − 360f_{14} + 700f_{15} + 560f_{16} − 21C_mf_{18} − 28C_mf_{19}) , f_{17} = 1 10 (−3f_{18} − 4f_{19}) , where f_j(j = 2, 4, 8, 9, 11, 14, 15, 16, 18, 19, 20) are arbitrary constants but do not vanish at the same time. C_m is the central charge corresponding to the matter current T_m.

(iii) y is an arbitrary constant and f_i = 0 (i = 5 − 12, 17 − 20) , f_1 = − 2 10 f_2 , f_3 = 39 16 f_2 , f_4 = 11 16 f_2 , f_{13} = f_{16} , f_{14} = 2f_{16} , f_{15} = f_{16} , where f_2 and f_{16} are arbitrary constants but do not vanish at the same time. Substituting the realizations (2.13) for W_{2,3}, with T_0, J_0 and W_0 given by (2.4), (2.5), (2.6), we obtain the solutions for the ghost field realizations of the spinor non-critical W_{2,3} string.

3.2 Ghost field realizations of the spinor non-critical W_{2,4} strings Similarly, for the case s = 4, Q_B also takes the form of (3.1) and F (b_2, c_2, β, γ, T_m, W_m) can be expressed in the following form:

F = g_1β^4γ^4 + g_2∂ββ^2γ^3 + g_3β^3∂γγ^2 + g_4∂^2ββγ^2 + g_5β^2∂^2γγ + g_6(∂β)^2γ^2 + g_7β^2(∂γ)^2 + +g_8∂ββ∂γγ + g_9∂^3βγ + g_{10}β∂^3γ + g_{11}b^4_2c^4_2 + g_{12}∂b_2b^2c^3_2 + g_{13}b^3_2∂c_2c^2 + g_{14}∂^2b_2b_2c^2 +g_{15}b^2∂^2c_2c_2 + g_{16}(∂b_2)^2c^2 + g_{17}b^2(∂c_2)^2 + g_{18}∂b_2b_2∂c_2c_2 + g_{19}∂^3b_2c_2 + g_{20}b_2∂^3c_2 +

– 7 –

+g_{21}β^3γ^3b_2c_2 + g_{22}β^2γ^2b^2c^2 + g_{23}βγb^3_2c^3_2 + g_{24}∂ββγ^2b_2c_2 + g_{25}β^2∂γγb_2c_2 + +g_{26}β^2γ^2∂b_2c_2 + g_{27}β^2γ^2b_2∂c_2 + g_{28}∂βγb^2c^2 + g_{29}β∂γb^2c^2 + g_{30}βγ∂b_2b_2c^2 + +g_{31}βγb^2∂c_2c_2 + g_{32}∂β∂γb_2c_2 + g_{33}βγ∂b_2∂c_2 + g_{34}∂βγ∂b_2c_2 + g_{35}∂βγb_2∂c_2 + +g_{36}β∂γ∂b_2c_2 + g_{37}β∂γb_2∂c_2 + g_{38}∂^2βγb_2c_2 + g_{39}β∂^2γb_2c_2 + g_{40}βγ∂^2b_2c_2 + +g_{41}βγb_2∂^2c_2 + g_{42}β^2γ^2T_m + g_{43}∂βγT_m + g_{44}β∂γT_m + g_{45}βγ∂T_m + g_{46}b^2c^2T_m + +g_{47}∂b_2c_2T_m + g_{48}b_2∂c_2T_m + g_{49}b_2c_2∂T_m + +g_{50}βγb_2c_2T_m + g_{51}T^2_m + g_{52}∂^2T_m + g_{53}W_m . (3.8) There are three sets of solutions:

(i) y = 0 and g_i = 0 (i = 11 − 23, 39, 42, 46 − 53) , g_{24} = 2g_{26} , g_{25} = 3g_{26} , g_{27} = g_{26} , g_{28} = 1 2 g_{30} , g_{29} = g_{30} , g_{31} = g_{30} , g_{32} = 2(g_{34} − g_{40}) , g_{35} = g_{33} + g_{34} − 2g_{40} , g_{36} = 2g_{40} , g_{37} = 2(g_{33} − g_{40}) , g_{38} = g_{34} − g_{40} , g_{41} = g_{33} − g_{40} , g_{43} = g_{45} , g_{44} = 2g_{45} , where g_j (j = 1 − 10, 26, 30, 33, 34, 40, 45) are arbitrary constants but do not vanish at the same time.

(ii) y = 1 and

g_1 = 1 140 (−8g_2 + 6g_3 − 3g_{21}) ,

g_{10} = 1 12 (28g_5 − 14g_7 + 3g_{39}) ,

g_9 = 1 96 (−90g_4 − 108g_5 + 24g_7 + 30g_8 − 6g_{33} + 10g_{36} + 8g_{37} − 6g_{39} − 14g_{40} − − 10g_{41} + C_mg_{44} − 2C_mg_{45}) , g_{12} = 1 9720

(−258720g_2 + 194040g_3 − 20610g_4 + 99364g_5 − 108768g_6 − 92808g_7 + + 43126g_8 − 8424g_{14} + 23520g_{26} − 23520g_{27} − 3558g_{33} + 6592g_{34} − − 6592g_{35} − 13662g_{36} − 1620g_{37} + 918g_{39} + 24290g_{40} + 13390g_{41} − − 2940C_mg_{42} − 824C_mg_{43} − 927C_mg_{44} + 2678C_mg_{45} + 108C_mg_{47}) , g_{15} = 7 6 (g_{37} − g_{39} − 2g_{41}) ,

g_{18} = 7 3 (−2g_{33} + g_{36} + g_{37} − 2g_{39}) ,

g_{19} = 1 18 (−6g_{14} + 7g_{36} − 7g_{39} − 14g_{40}) ,

g_{24} = 1 9 (−80g_2 + 60g_3 − 6g_4 − 36g_5 − 48g_6 + 18g_8 + 10g_{26} + 8g_{27} + C_mg_{42}) ,

g_{25} = 1 6 (88g_2 − 66g_3 + 48g_4 − 16g_5 + 24g_7 − 16g_8 + 10g_{26} + 8g_{27} + C_mg_{42}) ,

g_{31} = 1 3 (21g_{26} − 21g_{27} + 3g_{30} − 3g_{33} + 4g_{34} − 4g_{35} − 3g_{36} + 3g_{37} + 5g_{40} + g_{41}) ,

– 8 – g_{46} = 1 54 (882g_{42} + 58g_{43} − 113g_{44} + 168g_{45} − 43g_{47} − 11g_{48} − 22g_{51} − 5C_mg_{51}) ,

g_{49} = 1 18 (110g_{43} − 13g_{44} − 84g_{45} + 25g_{47} + 20g_{48} + 22g_{51} + 5C_mg_{51}) ,

g_{50} = 2 3 (−21g_{42} − 4g_{43} + 3g_{44} − 2g_{45}) ,

g_{52} = 1 12 (−22g_{43} + 11g_{44} − 5g_{47} − 4g_{48} − 8g_{51} − C_mg_{51}) ,

where g_j (j = 2 − 8, 14, 21, 26, 27, 30, 33 − 37, 39 − 45, 47, 48, 51, 53) are arbitrary constants but do not vanish at the same time. The other coefficients g_i(i = 12, 13, 16, 17, 20, 22, 23, 28, 29, 32, 38) have a more verbose form which is similar to g_{12}, we don’t list them here.

(iii) y is an arbitrary constant and

g_i = 0 (i = 11 − 23, 39, 42, 46 − 53) ,

g_1 = 289 22330

(3g_4 + 2g_5 − g_8) ,

g_2 = 1 1276

(957g_3 − 289(3g_4 + 2g_5 − g_8)) ,

g_6 = 1 7656

(7713g_4 + 38g_5 − 19g_8) ,

g_7 = 1 116 (57g_4 + 270g_5 − 19g_8) ,

g_9 = 63 232 (−3g_4 − 2g_5 + g_8) ,

g_{10} = 133 696 (−3g_4 − 2g_5 + g_8) ,

g_{24} = 2g_{26} , g_{25} = 3g_{26} , g_{27} = g_{26} , g_{28} = 1 2 g_{30} , g_{29} = g_{30} , g_{31} = g_{30} , g_{32} = 2(g_{34} − g_{40}) , g_{35} = g_{33} + g_{34} − 2g_{40} , g_{36} = 2g_{40} , G_{37} = 2(g_{33} − g_{40}) , g_{38} = g_{34} − g_{40} , g_{41} = g_{33} − g_{40} , g_{43} = g_{45} , g_{44} = 2g_{45} ,

where g_j (j = 3, 4, 5, 8, 26, 30, 33, 34, 40, 45) are arbitrary constants but do not vanish at the same time.

Substituting the realizations (2.14) for W_{2,4}, with T_0, J_0 and W_0 given by (2.4), (2.5), (2.7), we obtain the solutions for the ghost field realizations of the spinor non-critical W_{2,4} string.

Since the solutions of F (b_2, c_2, β, γ, T_m, W_m) are of general type, the constructions of Q_1 are general naturally. Noting that the constructions of the energy-momentum tensors in Q_0 include all combinations of various fields, the realizations of Q_B = Q_0 +Q_1 that we have obtained are of the most general constructions. For the case of the spinor critical W_{2,s} strings, the realizations can be obtained when the matter currents T_m and W_m in eqs. (3.2), (3.3) vanish. It is easy to see that the constructions become relatively simple and there are also three sets of solutions for each s. For the reason of space, We don’t list them here.

– 9 –

Note that our new realizations, based on spinor W_{2,s} strings, are very different from that of the scalar W_{2,s} strings. The critical center charges C for scalar W_{2,s} are fixed, for example C = 100 for s = 3 and C = 176 for s = 4. One usually need an exact center charge for the Liouville sector to obtain the realizations of certain scalar non-critical W_{2,s} string. But for spinor W_{2,s} strings, the center charges are arbitrary for both the critical and non-critical cases. The reason is that the condition Q^2_0 = 0 is satisfied automatically as a result of the property of spinor field.

4. Conclusion

In conclusion, we have constructed the new ghost field realizations of the W_{2,3} and W_{2,4} algebras, making use of the fact that the W_{2,3} and W_{2,4} algebras can be linearized through the addition of a spin-1 current. The spin-s current W_0 in the linearized W_{1,2,s} algebras is null. This null current is identically zero in the case of the two-spinor realizations of the W_{1,2,s} algebras [16]. However, W_0 can be non-zero and is realized by the bosonic ghost fields in this paper. In addition, the other two currents T_0 and J_0 are also realized by the bosonic ghost fields. Then the non-linear bases of W_{2,s} have been constructed with these linear bases T_0, J_0 and W_0. Subsequently, we use these new realizations to build the nilpotent BRST charges of spinor non-critical W_{2,s} strings. The BRST charge generalizes the one for scalar non-critical W_{2,s} strings, and it is graded with Q^2_0 = Q^2_1 = {Q_0, Q_1} = 0. In particular, using the procedure mentioned above, we have already discussed the cases of s = 3 and 4 in detail. It is easy to see that these constructions are very standard, that is, there are three solutions for s = 3 and 4, respectively. It is worth to point out that the results of the non-critical W_{2,s}(s = 3, 4) strings would turn to that of the corresponding critical strings when the matter currents vanish. Similarly, other field realizations of W_{2,s} strings can be obtained with our method. And furthermore, such realizations with higher spin s will be expected to exist. In view of these points, it would be interesting to investigate the physical states, which are defined as the cohomology classes of a nilpotent BRST operator Q_B . Moreover other implications, such as the construction of the W-gravity, can be studied also.

Acknowledgments

It is a pleasure to thank Prof. Y.S. Duan for useful discussions. We have also made extensive use of a Mathematica package for calculating OP Es, written by Prof. K. Thielemans [17].

References

[1] A.B. Zamolodchikov, Infinite additional symmetries in two-dimensional conformal quantum field theory, Theor. Math. Phys. 65 (1985) 1205;

V.A. Fateev and A.B. Zamolodchikov, Conformal quantum field theory models in two-dimensions having Z_3 symmetry, Nucl. Phys. B 280 (1987) 644.

– 10 –

[2] A.N. Leznov and M.V. Saveliev, Exactly and completely integrable nonlinear dynamical systems, Acta Appl. Math. 16 (1989) 1, and references therein;

L. Feher, L. O’Raifeartaigh, P. Ruelle, I. Tsutsui and A. Wipf, On hamiltonian reductions of the Wess-Zumino-Novikov-Witten theories, Phys. Rept. 222 (1992) 1, and references therein.

[3] C. Becchi, A. Rouet and R. Stora, The abelian Higgs-Kibble model. Unitarity of the S operator, Phys. Lett. B 52 (1974) 344;

I.V. Tyutin, Gauge invariance in field theory and in statistical physics in the operator formalism, Lebedev preprint No. 39 (1975), unpublished.

[4] J. Thierry-Mieg, Brs analysis of zamolodchikov’s spin two and three current algebra, Phys.

Lett. B 197 (1987) 368.

[5] F.A. Bais, P. Bouwknegt, M. Surridge and K. Schoutens, Extensions of the virasoro algebra constructed from Kac-Moody algebras using higher order casimir invariants, Nucl. Phys. B 304 (1988) 348;

C.N. Pope, L.J. Romans, E. Sezgin and K.S. Stelle, The W_3 string spectrum, Phys. Lett. B 274 (1992) 298 [hep-th/9110015];

P. Bouwknegt, J. McCarthy and K. Pilch, The W_3 algebra: modules, semi-infinite cohomology and BV algebras, Lect. Notes in Phys.: Monographs m42, Springer Verlag, Berlin 1996.

[6] H. Lu, C.N. Pope, S. Schrans and K.W. Xu, The complete spectrum of the W_N string, Nucl.

Phys. B 385 (1992) 99 [hep-th/9201050];

H. Lu, C.N. Pope, S. Schrans and X.J. Wang, The interacting W_3 string, Nucl. Phys. B 403 (1993) 351 [hep-th/9212117]; On the spectrum and scattering of W_3 strings, Nucl. Phys. B 408 (1993) 3 [hep-th/9301099];

H. Lu, C.N. Pope, X.J. Wang and K.W. Xu, The complete cohomology of the w(3) string, Class. and Quant. Grav. 11 (1994) 967 [hep-th/9309041].

[7] H. Lu, C.N. Pope and X.J. Wang, On higher spin generalizations of string theory, Int. J.

Mod. Phys. A 9 (1994) 1527 [hep-th/9304115];

H. Lu, C.N. Pope, X.J. Wang and S.C. Zhao, Critical and noncritical W_{2,4} strings, Class. and Quant. Grav. 11 (1994) 939 [hep-th/9311084];

A note on W_{2,4} strings, Phys. Lett. B 327 (1994) 241 [hep-th/9402133].

[8] M. Bershadsky, W. Lerche, D. Nemeschansky and N.P. Warner, A BRST operator for noncritical W strings, Phys. Lett. B 292 (1992) 35 [hep-th/9207067]; Extended N = 2 superconformal structure of gravity and w gravity coupled to matter, Nucl. Phys. B 401 (1993) 304 [hep-th/9211040];

E. Bergshoeff, A. Sevrin and X. Shen, A derivation of the BRST operator for noncritical w strings, Phys. Lett. B 296 (1992) 95 [hep-th/9209037];

E. Bergshoeff, H.J. Boonstra, S. Panda and M. de Roo, A BRST analysis of W symmetries, Nucl. Phys. B 411 (1994) 717 [hep-th/9307046].

[9] S. Zhao and H. Wei, Spinor field realization of W_{2,s} strings, Phys. Lett. B 486 (2000) 212.

[10] S.-C. Zhao, H. Wei and L.-J. Zhang, Spinor field realization of W_N strings, Phys. Lett. B 499 (2001) 200.

[11] S. Zhao, L. Zhang and H. Wei, Spinor field Becchi-Rouet-Stora-Tyutin charges of W_{2,5} string and w5 string, Phys. Rev. D 64 (2001) 046010;

S.C. Zhao, L.J. Zhang and Y.X. Liu, Spinor field realizations of non-critical W_{2,S} strings, Commun. Theor. Phys. 41 (2004) 235.

– 11 –

[12] Y.S. Duan, Y.X. Liu and L.J. Zhang, Spinor field realizations of non-critical W_{2,s} strings, Nucl. Phys. B 699 (2004) 174.

[13] H. Lu, C.N. Pope, K.S. Stelle and K.W. Xu, Embedding of the bosonic string into the W_3 string, Phys. Lett. B 351 (1995) 179 [hep-th/9502108];

F. Bastianelli and N. Ohta, Note on W_3 realizations of the bosonic string, Phys. Lett. B 348 (1995) 411 [hep-th/9411156].

[14] S.O. Krivonos and A.S. Sorin, Linearizing W algebras, Phys. Lett. B 335 (1994) 45 [hep-th/9406005];

S. Bellucci, S. Krivonos and A. Sorin, Linearizing W_{2,4} and W B_2 algebras, Phys. Lett. B 347 (1995) 260 [hep-th/9411168].

[15] H.G. Kausch and G.M.T. Watts, A study of w algebras using jacobi identities, Nucl. Phys. B 354 (1991) 740.

[16] L.J. Zhang, Y.X. Liu and J.R. Ren, Spinor field realizations of W_{2,S} Strings based on linear W_{1,2,S} algebras, submitted to Nucl. Phys. B (2004).

[17] K. Thielemans, A Mathematica package for computing operator product expansions, Int. J.

Mod. Phys. C 2 (1991) 787.

– 12 –